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1 Introduction
$\mathbb{Z}^{2}$ magnetic Schr\"odinger operator
$\mathcal{E}=\{(x, y)|x,y\in \mathbb{Z}^{2}, |x-y|=1\}$
$\mathbb{Z}^{2}$ 1
$A$ : $\mathcal{E}arrow \mathrm{T}:=\mathbb{R}/(2\pi \mathbb{Z})$
$A((x,y))=-$A((y, $x)$ ) for $(x, y)\in \mathcal{E}$
$\ell^{2}$ (Z2)
$H(A)u(x)= \sum_{|x-y|=1}$
($u(x)-eiA$(($,y))u(t7)), $x\in \mathbb{Z}^{2}$ ,
magnetic Schr\"odinger operator ff
\nearrow \nearrow $A$
$0\leq H(A)\leq 8$
$H$(A) $\text{ }$ $\sigma$ ($H$(A)) $\vee\supset$
$\sigma(H(A))\subset[0,8]$
1–




$F=\{\{x_{1},x_{1}+1\}\cross\{x_{2},x_{2}+1\}\subset \mathbb{Z}^{2}| (x_{1},x_{2})\in \mathbb{Z}^{2}\}$
$f\in F$ $f$
fx $=$ { ($x,x$ +e1), $(x+e_{1},x+e_{1}+e_{2}),$ $(x+e_{1}+e_{2},x$ +e2), $(x+e_{2},x)$ } $\subset \mathcal{E}$
$f_{x}=\{x1, x_{1}+1\}\cross\{x_{2}, x_{2}+1\},$ $x$ = $(x1, x_{2})_{\text{ }}e_{1}=$
$(1,0),$ $e2=(0,1)\in \mathbb{Z}^{2}$ $A$
$B=dA$
$B(f)= \sum_{e\in\partial f}A(e)$
, $B$ : $Farrow \mathrm{T}$ .
$dA_{1}=dA_{2}$ $H$(A1) $H$ (A2)
$l^{}$. magnetic Schr\"odinger operator $\text{ }$ J
magnetic Schr\"odinger operator $f$
$b\in \mathrm{T}$ $f\in F$ $B(f)=b$
Harper operator $b$
$’\supset$ $\frac{b}{2\pi}\in \mathbb{Q}$
\lambda $c$ Liouville $\text{ }$
Cantor $[12]_{\text{ }}[5]_{\text{ }}[1]_{\text{ }}[2]_{\text{ }}$ [13]
$B$ $\text{ }$
\emptyset $\text{ }$ $\wedge^{\backslash }\backslash$
Assumption A. (1) $\{B^{\omega}(f(2n,m))|n, m\in \mathbb{Z}\}$ $(\Omega, B, \mathrm{P})$
$\sigma$) $\nu$ $\nu$
$g$ (\lambda ) $\vee\supset$ $c>0$
$\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}g\subset(\mathrm{T}\backslash (-c,c))_{\text{ }}\pm c$ $\in \mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}g$
$’\supset$
$g$
$\mathrm{T}\backslash$ $(-c, c)$ Lipshitz
(2) $n,$ $m\in \mathbb{Z}\{_{}^{}$
B0(f(2n+-1, )) $=-B^{\omega}(f_{(2n,m)})$
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$\sigma$(H $(A^{\omega})$ ) $=[4(1-\cos(c/4)),4(1+\cos(c/4))]$ $\mathrm{a}.\mathrm{s}$ .
^
$E_{0}= \inf\sigma$(H $(A^{\omega})$ ) $=4(1-\cos(c/4))$
$\sigma$)
$A^{\omega}(e)=\{_{0}^{B^{\mathrm{t}v}(f_{(2n,m)}}-,B^{\omega}(f_{(2n},)’))$ , $\mathrm{i}\mathrm{f}e=((2n+1,m+1),(2n+1, m))\mathrm{i}\mathrm{f}e=((2n+1,m), (2n+1,m+1))\mathrm{o}\mathrm{t}\mathrm{h}\mathrm{e}\mathrm{r}\mathrm{w}\mathrm{i}\mathrm{s}\mathrm{e},’$ ,
Theorem 1.1 (Anderson localization). Assumption $A$
T
$E\ell>E_{0}$ ( 1 ) $H(A^{\omega})$ $[E_{0}, E,]$
$[^{}$. $\psi\mathrm{a}$ dense pure point spectnm $|x|arrow\infty$
Lifshitz tail (Theorem 1.2)
Wegner estimate (Theorem 1.3) $\mathrm{A}$ ‘




$\Lambda_{L}$ magnetic Scr\"odinger operator $H_{\Lambda_{L}}(A^{\omega})$ $\text{ }$ (
Section 2 ) $E\in \mathbb{R}$
$k(E)=1\mathrm{i}L$m $\frac{1}{|\Lambda_{L}|}$ l{eigenvalues of $H_{\Lambda_{L}}(A^{\omega})\leq E$ }
integrated density of states
$\vee\supset$ $\omega\in\Omega$
$($ [23] $\sigma)$ Appendix $\mathrm{C}$
) $k$ (E)
$0\leq k(E)\leq 1,$ $\mathrm{s}\mathrm{u}\mathrm{p}\mathrm{p}dk=\sigma$(H(r)) $a.s$ .
141
$\nearrow\supset$
$k$ (E) $g)\text{ }$ $\text{ }$ $\sigma\supset$ $U$) Lifshitz tail
( $\sigma\supset$ I.M.Lifshitz [22])




$k(E)<\sim e^{-(E-E_{0})^{-1}}$ $E\downarrow E_{0}$ ,
$\mathbb{Z}^{d}$ $\Delta=H$ (0) IDS $k_{0}^{d}$ (E)






Theorem 1.3 (Wegner estimate). Assumption $A$
$E_{1}>E_{0}$ $C>0$ $E\in[E_{0}, E1]$ , $L>0$ $\epsilon>0$
$\mathrm{P}(\mathrm{d}\mathrm{i}\mathrm{s}\mathrm{t}$ ( $\sigma(H_{\mathrm{A}_{L}}$ (A ), $E)<\epsilon$) $\leq C\epsilon|\Lambda_{L}|$
$’\supset$
Wegner estimate $H_{\Lambda_{L}}$ (A) $\text{ }$ D
$\vee\supset$ DS Lipschitz





$J\mathrm{s}$ $\vee\supset$ Schr\"odinger operator $\text{ }$ J
( [4], [8], [27]
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) $\vee\supset$ Schr\"odinger operator
([29])





Schr\"odinger operator $1_{\mathrm{L}}^{}$ Anderson localization
$’\supset$ Schr\"odinger operator
$([10]_{\backslash }[21]_{\text{ }}[15]_{\text{ }}$
$[26]_{\text{ }}$ [14] [25] $)$ \lambda
Anderson Iocalization
$\vee\supset$ $[25]_{\backslash }$ [14]
2 The Lifshitz tail
$l^{2}$ (\Lambda L) $\text{ }$ $H_{\Lambda_{L}}$ (A) $H$ (A)
2 local Hamiltonian 2 (
$\text{ }$ )
$\langle u|Hu\rangle=\frac{1}{2}\sum_{e\in \mathcal{E}}|u$(i(e)) $-e$iA(e)$)_{u}$(t(e)) $|^{2}$
$= \frac{1}{2}\sum_{f\in F}\sum_{e\in\partial f}|$u(i(e))-e
$i$A(e)u(t(e)) $|^{2}$ ,
$i$ (e) $t(e)$ $e$




u(i(e))-e$i$A(e)u(t(e)) $|^{2}+ \sum_{x\in\partial\Lambda_{L}}|$u(x) $|^{2}$ ,
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\Lambda L $=$ { $x\in\Lambda_{L}||x_{i}|=L$ for $i=1$ or 2}
$\sum_{\partial\Lambda_{L}}|u$ (x)|2
$8L<<|\Lambda_{L}|$ IDS The-
orem 1.2 [23] $\inf\sigma(H(A^{\omega}))>0$
ocal energy estimate $\mathrm{t}_{\acute{\mathrm{c}}}$
$0<\alpha<1-1/\sqrt{2}$
$\alpha$
$\beta(t)=\min(1-\cos(t/4),\alpha)$ , for $t\in \mathbb{T}\cong[-\pi,\pi)$
$W_{B}(x)= \sum_{x\in f}\beta$
(B(f)), $x\in \mathbb{Z}^{2}$ .
$\vee\supset$
Theorem 2.1. $u\in\ell^{2}(\mathbb{Z}^{2})$
$\langle u|Hu\rangle\geq\langle$u $|$ $WBu\rangle$ $+\gamma\langle$ $|$u $||$ HO $|$u $|\rangle$
$\gamma=\frac{1}{4}(1-\frac{1}{\sqrt{2}}-\alpha)>0$
. $H_{0}$ ( $\mathbb{Z}^{2}$ free discrete Schr\"odinger operator
Proof. $P^{2}(f)\cong \mathbb{C}^{4}$ $Hf$
$\langle$uf $|H_{f}u_{f}\rangle$ $= \frac{1}{2}\sum|$uf $(i(e))-e^{iA(e)}u_{f}(t(e))|^{2}$ for
$u_{f}\in l^{2}$ (f)
$e$Eaf
$f=\{y_{0},y_{1},y_{2},y_{3}\}$ , $e_{j}=$ $(y_{j},y_{j+1})$ , $j=0,1,2,3$
( $y_{4}=y\mathrm{o}$ )





$\langle$uf $|$Hfuf $\rangle$ $= \frac{1}{2}\sum_{j=0}^{3}|\tilde{u}_{f}(y_{j})-e^{iB/4}\tilde{u}_{f}(yj+1)|^{2}$
$\ell^{2}$ (f) $\tilde{H}f$




$\mathrm{v}_{j}=\frac{1}{2}(1, e^{i\pi j/2},e2i\pi j/2,e3i\pi j/2)$ , $j=0,1,2,3$ .
$\Pi j$ $\lambda_{j}$ $\beta(t)$
$\gamma$ $j=1,2$, $3$
$\lambda_{j}\geq 1-1/\sqrt{2}$
$\langle u_{f}|H_{f}u_{f}\rangle=\sum_{j=0}^{3}$ \lambda j|| ju\tilde f||2
$\geq\beta(B)||II_{0}\tilde{u}_{f}||^{2}+\sum_{j=1}^{3}$ \lambda jll ju\tilde$f11^{2}$
3










$= \frac{1}{4}\sum_{j=0}^{3}||$uf $(y_{j})|-|u_{f}(y_{j+1})||^{2}= \frac{1}{4}\langle$ $|$uf $||$L0,$f|u_{f}|\rangle$
$H_{0,f}$
$l^{2}$ (f)- fioe Schr\"odinger operator







$=\langle$u $|WBu\rangle$ $+\gamma\langle$ $|$u $||$L $\mathrm{o}|$u $|\rangle$
$H_{\Lambda_{L}}$
Theorem 2.2. $u\in\ell^{2}(\Lambda_{L})$




$\langle$$u|$ rI0,A$Lu$) $= \frac{1}{2}\sum_{f\in}1\sum_{e\in\partial f}|$u(i(e)) $-u(t(e))|^{2}$
$\ell^{2}$ (\Lambda L) ffee Schr\"odinger operator
[23] Theorem 2.2 Theorem 1.2
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3 The Wegner estimate
Assumption A $A^{\omega}(e)$ Section 1
$[_{\mathrm{c}}^{}$ $u_{f}=u|_{f}\in l^{2}(f)\cong \mathbb{C}^{4}$ Section 2
$H$
$\langle u|Hu\rangle=\sum_{f\in F}(u_{f}|H_{f}u_{f}\rangle, u\in l^{2}(\mathbb{Z}^{2})$
$H_{f}$ $\ell^{2}(f)$
$\lambda$j(B(f)) $=1-\cos((B(f)+2\pi j)/4)$ $(j=0,1,2,3)$
$\mathrm{v}_{j}=\frac{1}{2}$ (1, $e^{i\mu_{j}},e$2$i\mu$j, $e$3$i\mu$j), $\mu j=(B(f)+2\pi j)/4,$ $j=0,1,2,3$
$B(f)\in[-\pi, \pi]$ $\lambda \mathrm{o}$ ($B$ (f))
Lemma 3.1. $f\in F$ $uf\in l^{2}$ (f)
$\alpha_{f}=|$ (vo $|$uf $\rangle$ $|$ , $\beta f=(\sum_{j=1}^{3}|\langle$vj $|$uf $\rangle$ $|^{2})$
1/2
$\langle u$f $| \frac{\partial H_{f}}{\partial|B(f)|}uf\rangle\geq\frac{1}{4}\sin(\frac{|B(f)|}{4})\alpha_{f}^{2}-$ c1aff3f-c213i
$\vee \mathcal{D}$ $c_{1}=8_{f}c_{2}=16+1/4$
Proof. $b=|B$(f)|
$\langle u_{f}|H_{f^{u}f}\rangle=\sum_{j=0}^{3}\lambda-$j $|\langle$uf $|$vj) $|^{2}$
$\langle u_{f}|\frac{\partial H_{f}}{\partial b}uf)=\sum_{j=0}^{3}\frac{\partial\lambda_{j}}{\partial b}|\langle u_{f}|\mathrm{v}_{j}\rangle|^{2}$





$\sin(\frac{b}{4})\alpha_{f}^{2}+j$ i1 $\frac{\partial\lambda_{j}}{\partial b}|$ \sim j $|$uf $\rangle$ $|^{2} \geq\frac{1}{4}\sin(\frac{b}{4})\alpha_{f}^{2}-\frac{1}{4}\beta_{f}^{2}$
$0= \frac{\partial}{\partial b}$
$\langle$vj $|$vk) $= \langle\frac{\partial \mathrm{v}_{j}}{\partial b}|\mathrm{v}$k $\rangle+\langle$S $|\mathrm{v}_{j}\rangle$
$\langle\frac{\partial \mathrm{v}_{j}}{\partial b}|u$f $\rangle=\sum_{k=0}^{3}\langle\frac{\partial \mathrm{v}_{j}}{\partial b}|\mathrm{v}_{k}\rangle$
$\langle$v$k|u_{f}\rangle$ $=- \sum_{k=0}^{3}\overline{\langle\frac{\partial \mathrm{v}_{k}}{\partial b}|\mathrm{v}_{j}\rangle}(\mathrm{v}_{k}|u_{f})$
$\mathrm{I}\mathrm{I}=\sum_{j,k=0}^{3}(\lambda_{k}-\lambda_{j})\overline{\langle\frac{\partial \mathrm{v}_{k}}{\partial b}|\mathrm{v}_{j}\rangle}\overline{\langle \mathrm{v}_{j}|u_{f}\rangle}\langle \mathrm{v}_{k}|u_{f}\rangle$
$\mathrm{v}j$
$|$II
$| \leq 4\sum_{j\neq k}|\langle$vj $|$uf) $|1|$ (vk $|$uf) $|$




Lemma $\cdot 3\cdot 2\cdot u\in l^{2}(\Lambda_{L}),$ $||u||=1$ $H_{\Lambda_{L}}u=Eu_{\text{ }}E$ \succ E0
$uf=u|f$ $\alpha f,$ $\beta_{f}$ Lemma 3.1









$E=\langle$u $|$HA$Lu$) $= \sum_{f}$ $\langle$uf $|$Hfuf) $+ \sum_{\partial\Lambda_{L}}|$u(x) $|^{2}$
$= \sum_{f}\lambda$
0(B $(f)$ ) $\alpha_{f}^{2}+\sum_{f}\sum_{j=1}^{3}\lambda$j(B(f)) $|$ (vj $|$uf $\rangle$ $|^{2}+ \sum_{\partial\Lambda_{L}}|$u(x)
$|^{2}$
$\geq\frac{E_{0}}{4}\sum_{f}\alpha_{f}^{2}+$
$(1- \frac{1}{\sqrt{2}}$) $\sum_{f}\beta_{f}^{2}+\sum_{\partial\Lambda_{L}}|$u(x) $|^{2}$
$=E_{0}( \frac{1}{4}\sum_{f}\alpha_{f}^{2}+\frac{1}{4}\sum_{f}\beta_{f}^{2}+$ H $\sum_{\partial\Lambda_{L}}|$u(x) $|^{2}$)
$+$ $(1- \frac{1}{\sqrt{2}}-\frac{E_{0}}{4}$) $\sum_{f}\beta_{f}^{2}+$ $(1- \frac{3}{4}E_{0})\sum_{\partial\Lambda_{L}}|u(x)|^{2}$












Proof. Lemma 3.1 3.2 $\iota_{\acute{\mathrm{c}}}$
$\sum_{f}\langle u|\frac{\partial H(A)}{\partial|B(f)|}u)=\sum_{f}\langle u_{f}|\frac{\partial H_{f}}{\partial|B(f)|}$ u$f\rangle$
$\geq\frac{1}{4}\sin(c/4)\sum\alpha_{f}^{2}-c1$ $\sum\alpha$f $\beta$f-c2 $\sum_{f}\beta_{f}^{2}$




Theorem 3.4. $E_{1}-E_{0}$ $(_{-}\mathit{3}.\mathit{1})$ $E=E_{1}$
$C>0$ $E\in[E_{0}, E1]$ , $L>0$
$\epsilon>0$







$0\leq\eta(t)\leq 1_{\text{ }}t\in \mathbb{R}$ Chebyshev
$\mathrm{P}$(dist($\sigma$(B $\Lambda_{L}(A^{\omega})$ )), $E$) $\leq \mathrm{E}$(Tr(77(HA$L(A^{\omega})))$ ) (3.2)
$\mathrm{E}$ $\mathbb{P}$ \Omega ( ) $\{E_{j}^{\omega}|j=$









$\sum_{f\in F_{L}}\frac{\partial}{\partial|B^{\omega}(f)|}\mathrm{h}(\xi(H_{\mathrm{A}_{L}}(A^{\omega})))=\sum_{f\in F_{L}}\sum_{j}\sim j|\frac{\partial H_{\Lambda_{L}}(A^{\omega})}{\partial|B^{ur}(f)|}\psi_{j}\rangle\eta(E_{j}^{\omega})$
$\geq$ C7 $\sum_{j}\eta$ (L $j\omega$ ) $\geq c_{7^{r}}\mathrm{b}(\eta(H_{\Lambda_{L}}(A^{\omega})))$
(3.3)
(3.3) \sigma )
$\Lambda_{L}’=$ { $(2n+1,m)\in\Lambda$L $|$ n, $m\in \mathbb{Z}$ },
$y=(2n+1,m)\in\Lambda_{L}’$








$\sum_{f\in F_{L}}\frac{\partial}{\partial|B^{\omega}(f)|}\mathrm{h}$ ( $\xi$ ($H_{\mathrm{A}_{L}}$ (A“))) $= \sum_{y\in\Lambda_{L}’}\frac{\partial}{\partial|A^{\iota v}(e(y))|}\mathrm{h}$ ( $\xi$(HA$L(A^{\omega}))$ )
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$|$1Y($\xi$ (1(L) $-\xi$ (K$y\pi$ )) $|=- \int\xi’$ (s) $|_{-}^{-}-(s;$ $K_{y}^{t},$ $K_{y}^{\pi})$ ) $|ds$
$\leq 2\int\eta$ (s)ds $\leq 8\epsilon$ (3.5)
$\vee\supset$ $\cup--(s; A, B)$ $A_{\text{ }}B$ spectral






$\int c_{8}\epsilon,\prod_{y\neq y}g(A^{\omega}(e(y’)))dA^{\omega}(e(y’))\leq c_{8}\epsilon|$AL $|$
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$c_{8}=16 \sup|g|+16\pi \mathrm{s}$up|g’| (3.2), (3.3)
$C=c_{8}/c_{7}$
$\mathbb{P}$ (dist( $\sigma$(HAL $(A^{\omega})$ ), $E)<\epsilon$) $\leq C\epsilon|\Lambda_{L}|$
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